INTRODUCTION
Let X be a class of discrete groups which is closed under isomorphism. Following [17, Definition 3.2.1] we define classes of groups H α X for each ordinal α in the following way.
• In case α = 0 we define H 0 X to be X.
• In case α is a successor ordinal we define H α X to be the class of all groups which admit a finite dimensional contractible G-complex with stabilizers in H α−1 X. The term G-complex is used in the sense of [10, Chapter II].
• In case α is a (non-zero) limit ordinal we define H α X to be β <α H β X. The class HX is defined to be the union of all the classes H α X as α runs through all ordinals. In the special case when X is taken to be the class F of all finite groups it has been shown by the second author and others that the class HF enjoys many interesting properties.
• HF is a large class of groups: see the discussion in [17] .
• Not all groups belong to HF: until recently the key known example of a non-HF group was Thompson's group F, known to be of type FP ∞ , [5] and yet having infinite cohomological dimension and so failing the key finiteness theorem for HF-groups of type FP ∞ established in [15] . In many situations it is convenient to work with the class of locally HF-groups. These are groups whose finitely generated subgroups belong to HF and we write LHF for this class. In general, for a class of groups X, we write LX for the class of groups whose finite subsets are contained in X-subgroups.
In recent work [1] new examples of groups which lie outside HF have been constructed. Infinite groups G are constructed which have the property that every finite dimensional contractible G-complex has a global fixed point. Such a group G clearly cannot belong to HF. Inspired by certain of the methods in [1] we shall construct new examples of groups which belong to HF and which illustrate the hierarchical nature of HF. In particular we shall prove the following result, in which ω 1 denotes the first uncountable ordinal.
This thorem is a major advance on the previously known result that H 2 F < HF. The groups constructed to prove Theorem 1.1(i) contain torsion and it remains an open problem whether there are torsion-free HF-groups which are not in H 3 F.
Before proceeding to the proof of Theorem 1.1 we digress to discuss one of the known torsion-free examples of a group which has been used to show that H 2 F < H 3 F. This group was first described in [16] and is there shown to belong to H 4 F H 2 F. While this implies that there exists a group in H 3 F H 2 F it does not establish whether the constructed group is is in H 3 F H 2 F or in H 4 F H 3 F. Moreover the arguments given in [16] are flawed because they rely on the validity of the Bieri-Groves conjecture [3] in cases which had not been established when the survey [16] was written. The purpose of Section 2 here is to correct these shortcomings. Sections 3 and 4 are concerned with the proof of Theorem 1.1.
REVIEW OF THE EARLIER RESULTS THAT
The class H 1 F includes all groups of finite virtual cohomological dimension. The torsion-free groups in H 1 F are precisely the groups of finite cohomological dimension. The strict inclusion H 0 F < H 1 F is clear from the fact that there are infinite H 1 F-groups such as the infinite cyclic group, or more generally, any free abelian group of finite rank. Any torsion-free group of infinite cohomological dimension does not belong to H 1 F. On the other hand, any countable directed union of groups in H α F admits an action on a tree with stabilizers conjugate to groups in the directed system and therefore such groups belong to H α+1 F, (see [17, Lemma 3.2.3] and Lemma 2.5 below). Thus the free abelian group of countably infinite rank belongs to H 2 F H 1 F and we have H 1 F < H 2 F.
Turning to the strict inclusion H 2 F < H 3 F, only the following two examples were known prior to using the new methods of [1] .
• The free abelian group of rank ℵ ω belongs to H 3 F H 2 F, [9] .
• For any transcendental real number t the subgroup G t of GL 2 (Q(t)) comprising matrices of the form The existence of metabelian groups H n is suggested by the Bieri-Groves conjecture [3] , and is assumed in the first sentence of the proof of [16, Lemma 3.2.3] . However the Bieri-Groves conjecture is known only in special cases and in fact it is only more recently that a special case sufficiently powerful to fulfil these needs has been proved. It is a consequence of the following theorem. 
The second author is indebted to Desi Kochloukova for useful conversations and for outlining the following method of applying the Groves-Kochloukova theorem above. For a natural number k, let p k (t) denote the polynomial 
We also have
Lemma 2.3. Let t be a fixed transcendental real number. For each natural number n there is a subgroup H ≤ G t of type FP n which has derived subgroup of infinite rank.
Proof. Using Lemma 2.2, choose f 1 , f 2 , . . . , f n ∈ Z[t] all of degree ≥ 1 and pairwise coprime in the Laurent polynomial ring Z[t,t −1 ]. We may arrange the choice so that f 1 = t. Let Q be a free abelian group of rank n with basis q 1 , . . . , q n . We define an action of Q on Q(t) by q i · f (t) = f i (t) f (t). Let A be the ZQ-submodule of Q(t) generated by 1. Then the Groves-Kochloukova Theorem shows that the split extension of A by Q is of type FP n . Moreover, this split extension is a subgroup of G t and the subgroup A has infinite rank as an abelian group. Proof. We use an argument similar to one in [14] . By the simplicial approximation theorem, there is a simplicial G-complex X ′ of the same dimension as X and a G-equivariant homotopy equivalence s : X ′ → X . The G-complex Y will be constructed as a simplicial G-complex, and a simplicial G-map f : Y → X ′ will be constructed.
Choose a set V of G-orbit representatives of 0-simplices in X ′ . For v ∈ V , let G v denote the stabilizer of v, and let G · v denote the orbit of v. For each v, let T v be a G v -tree with finitely generated stabilizers as in Lemma 2.5, and let Y v be the in-
is a homotopy equivalence, where X ′0 denotes the 0-skeleton of X ′ .
For each n > 0 and each n-simplex σ = (x 0 , . . . , x n ) of X ′ , define a simplicial complex Y (σ ) as the multiple join:
Note 
In this situation
d ′ (K) ≤ d ′ ([N, N]) ≤ d ′ (G) − 1
and it follows by induction that
K ∈ H d ′ (G)−1 F and therefore so is H. Hence G belongs to H d ′ (G) F as required.
Corollary 2.8. The group G t belongs to H 3 F.
Proof. The group G t is countable and metabelian. By Lemma 2.5 it acts on a tree with finitely generated stabilizers. Since these stabilizers belong to H 2 F by Proposition 2.7 with d = 2 it follows that G t belongs to H 3 F.
SQ-UNIVERSALITY AND VARIATIONS ON THE RIPS COMPLEX FOR HYPERBOLIC GROUPS
We begin with an observation on the classical Higman-Neumann-Neumann embedding theorem.
Lemma 3.1. Every countable group HF-group H can be embedded in a 2-generator

HF-groupH.
Proof. It is well known that countable groups can be embedded in 2-generator groups. In our context we need to be sure that membership of HF is preserved in the process. The original proof in the classic paper [13] of Higman-NeumannNeumann does exactly this.
Lemma 3.1 says that every group is isomorphic to a subgroup of a quotient of a free group of rank 2, in other words that the free group on 2 generators is SQuniversal, and moreover the embedding has desirable properties with respect to the HF class. Recently it has been shown by Olshanskii [20] that non-elementary hyperbolic groups are SQ-universal.
For our purposes we need to control HF membership just as in the case of Lemma 3.1. This comes from combining results of Arzhantseva-Minasyan-Osin [2] with those of Dahmani [8] . The results of these authors that we need involve the notion of relative hyperbolicity for groups. This idea, formalised by Bowditch in [4, Section 4] and by Farb in [11, Definition 3.1], is intended to enable certain groups which act on hyperbolic spaces but which are not hyperbolic in Gromov's sense to be treated within the theory of Gromov hyperbolic groups. An example to consider is the fundamental group of a hyperbolic knot complement in S 3 which is hyperbolic relative to the Z 2 subgroup determined by a choice of basepoint on the boundary. Associated to a hyperbolic group and a specified finite generating set there are Rips complexes determined by a single parameter d and the fundamental theorem [22, Théorème 12] of Rips states that for sufficiently large d these are contractible: they are always finite dimensional provided d < ∞. Meintrup and Schick give a proof [18] that for yet larger values of the parameter these Rips complexes are classifying spaces for proper actions. More precisely Rips theorem is known to hold if d ≥ 4δ + 2 where δ is the hyperbolicity constant, and the Meintrup-Schick argument works for d ≥ 16δ + 8. The theorem of Dahmani concerns the existence of relative Rips complexes associated to relatively hyperbolic groups. The version suited to this paper is closest to [8, Theorem 6 .2] which we restate here in the following way. 
Definition 3.3.
A fine hyperbolic graph is a graph whose geometric realisation is a geodesic metric space satisfying the condition for Gromov hyperbolicity and in addition having only finitely many circuits of length n through any given edge, for all n. Here a circuit is a cycle which has no self-intersection. Provided H is finitely generated, the definition used by Dahmani underlying Theorem 3.2 is equivalent to Definition 3.4. For the proof we refer the reader to [6, 8, 23] . For a survey of this and other equivalences between definitions see [21, Section 7, Appendix] . From the point of view of Definition 3.4 the relative Rips complex is elegantly described using the approach [19] Here the angle at a vertex of the path is defined to be the minimum length of a circuit which passes through the same two edges of the path at that vertex. Thus the Mineyev-Yaman complex is determined by the group and graph together with two parameters.
For any finite values of the parameters d and r this complex is finite dimensional [19, Corollary 17] and according to [19, Theorem 19] , if d = r is sufficiently large then the complex is contractible. Moreover the stabilizers of simplices of dimension ≥ 1 are finite. Proof. In Section 3 of [1] a group G n,p is constructed for each natural number n and each prime p with the following properties.
• G n,p is a non-elementary hyperbolic group;
• every mod-p acyclic G n,p -complex of dimension ≤ n has a global fixed point. For any prime p the group Q n obtained from H and G n,p using Proposition 3.6 has the desired properties. Proof. We shall prove by induction on α that
• there is a countable group H α in HX H α X for all countable ordinals α.
If α = 0 this follows from the assumption that X < H 1 X. If α is a countable limit ordinal and we have choices H β ∈ HX H β X for each β < α then we can define H α to be the free product *
This is a free product of countably many countable groups so is also a countable group. Being a free product there is an action on a tree with vertex stabilizers conjugate to the H β and with trivial edge stabilizers, so it follows that H α belongs to HX. Since X is subgroup closed so also is H β X for any β . Since H α has a subgroup H β which does not belong to H β X for each β < α it follows that H α does not belong to any of the H β X and therefore H α is not in H α X = β <α H β X.
Finally if α is a successor ordinal then we may suppose given a group H ∈ HX H α−1 X by induction. For each natural number n let Q n be a group satisfying all the conclusions of Proposition 3.7. We can then take H α to be the free product * n Q n as n runs over the natural numbers. Since H α is a free product of groups which belong to HX we have that H α belongs to HX and it remains only to prove that H α / ∈ H α X. Suppose by way of contradiction that H α belongs to H α X. Then there is a finite dimensional contractible H α -complex X with stabilizers in H α−1 X. For n > dim X , the subgroup Q n fixes a point of this complex and so belongs to H α−1 X, but this contradicts the fact that Q n contains an isomorphic copy of the group H which does not belong to H α−1 X.
Proof of Theorem 1.1. By Theorem 4.1 we have that H α F < HF and therefore H α F < H α+1 F for all countable ordinals α. This establishes part (i) in case α < ω 1 . For each countable ordinal α, let H α be a group in H α+1 F H α F. Then the free product * α<ω 1 H α does not belong to H ω 1 F and also, being a free product of H ω 1 F-groups it admits an action on a tree witnessing membership of H ω 1 +1 F. This establishes (i) in the remaining case α = ω 1 . For part (ii) observe that every HF-group of cardinality < κ must appear in H α F for some ordinal α of cardinality < κ. Therefore H ω 1 F contains all countable HF-groups and in particular it contains all finitely generated HF-groups. This shows that LH ω 1 F contains all HF-groups and (ii) follows. Part (iii) follows from the consequence of Lemma 2.5 that all countable LH α F groups belong to H α+1 F.
